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DECONVOLUTION TECHNIQUES FOR LINEAR SYSTEMS 
By IIo~-Y~M Ko A~D I~ONALD 1~. SCOTT 
ABSTRACT 
Superposition for linear systems is the process in which the input is convolved 
with the transfer function of the system, whereby the output is obtained. De- 
convoLtion is, therefore, the reverse process in which an unknown input (or the 
transfer function) is calculated from the measured output and a known transfer 
function (or input). Several methods of deconvolution are developed and the 
advantages and disadvantages of each are discussed. Examples are given to 
demonstrate the applicability of the methods. 
INTRODUCTION 
The most important property of a linear system is that the principle of superposi- 
tion is applicable. Mathematically, this principle can be expressed as (Fodor, 1965) 
t 
f(t) = fo l(t -- r )w(r)  dr (1) 
where 
l(t) = input to the system 
f(t) = output from the system 
and w(t) = system function or transfer function. 
Equation (1) is commonly known as the superposition, convolution, or Duhamel 
integral. The system function, w(t), is the response, or output, of the system when 
perturbed by an impulse input. It is also equivalent to the time-derivative of the 
response of the system due to a step loading. The system function can therefore be 
determined by subjecting the system to either an impulse or a step loading. 
However, in real systems, such loadings may be difficult to apply, and conse- 
quently it is desirable to determine w(t) by measuring the output f(t) due to any 
input l(t) to the system. For this purpose, equation (1) can be treated as an integral 
equation for the unknown w(t) with a kernel l(t). Alternately, equation (1) can also 
be written as 
t 
/(t) = J0 ~(t - r)Z(r) dr, (2) 
which is then an integral equation for l(t). Hence, the roles of w(t) and l(t) in these 
equations are completely interchangeable, and if w(t) can be determined from equa- 
tion (1), so can l(t) from equation (2). The utilization of equation (2) is useful in 
situations where it is required to calculate the loading l(t) which gives rise to a 
measured output from a system with a known system function w(t). The solution 
of these convolution-type integral equations is called "deconvolution'. 
Examples where this type of integral equation is applicable can be found in 
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engineering (Greenwood, 1965), physics (Courant ~nd Hilbert, 1953) and biology 
(Beck and Rescigno, 1964). In the following a few examples will be mentioned and 
methods for solving these equations ~411 be developed. 
Tn~ TI~ANSFORM METHOD 
Equation (i) or (2) belongs to a class of linear integral equations of the Volterra 
type of the first kind (Triconi, 1957). One way  of solving this type of equation is by 
transform techniques. First, (1) or (2) can be written in the form 
f(t) = l(t),w(t) = w(t), l(t), (3) 
where • represents the convolution. Applying the Laplace transform to (3), the 
follo~4ng result is obtained: 
~(8) = LO)W(8), (4) 
where F(s), L(s) and W(s) are the Laplace transforms of f(t), l(t) and w(t) respec- 
tively. Depending on whether l(t) or w(t) is the desired solution, (4) can be written 
as  
L(~)- F(8) (Sa) W(~)' 
or  
W(s)  - F (s )  (5b) 
L(s) " 
Applying the inverse transform to these equations, the required solutions are 
expressed as 
= f(t) ,2-1 [~- -~J  , (6a) 
or, similarly, 
~(t )  = f ( t )  • (6b) 
In general, for a given function w(t) for which W(s) exists, ~-l[i/W(s)] does not 
exist or is difficult to evaluate. The  same is true if w(t) is substituted by/(t). There- 
fore, this method of directly applying the Laplace transform to (i) or (2) runs into 
difficulty. 
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The Volterra integral equation of the first kind, (1) or (2), can be reduced to one 
of the second kind by differentiating the equation. (In the following, only equation 
(2) will be discussed, although the results are equally applicable to (1) by inter- 
changing w(t) and l(t)). Differentiating (2) with respect o time, t, the following is 
obtained: 
or  
where 
and 
t 
f ' (t)  = fo w'(t -- r)/(r) dr --}- w(O)l(t), 
t 
h(t) = fo v(t -- "r)l(r) dr -t- l(t), (7) 
h(t)  = f.'(t) 
w(o) ' 
v( t )  = w ' ( t )  
w(o)  " 
Equation (7), a Volterra integral equation of the second type, can be transformed 
to 
from which 
H(s) = V(s)L(s) + L(s), 
L(s) - H(s) - H(s) V(s) H(s). (8) 
1 -~ V(s) 1 -]- V(s) 
If V(s) exists, then £-l[V(s)/(1 + V(s))] also exists (Fodor, 1965). Therefore, 
(8) can be inverse-transformed to 
_ f '(t)  2~-: [1 V(s) 1 Ff '(t)7 ~7 ~(~j L~J" (9) w(O) * 
This approach is satisfactory if w(0) is some finite number If it is not, then the 
following method can be used. 
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t 
u(t) = fo z(~) &. 
u(~) = 1_ L(~). 
8 
Substitute into equation (5a) to obtain 
u(s )  - F(s)  _ M(s )F (s ) ,  
sW(s) 
8w(8)  
where  
M(z)  - 
Obtain the inverse transform 
where 
u(t)  = , ,~(t) .At)  
t 
= f. m(t - ,)f(-~) & 
t 
= fo m('r) f ( t  -- r) d-r. 
If f(t) is differentiable, then 
u'(t)  = l(t) = f(O)m(t)  -t- fo ~ m@)f ' ( t  -- T) dr 
re(t) = ,z-'[M(s)] = z - * I~  ] . 
( lO) 
It should bementioned that instead of using Laplace transforms, other linear 
transformations such as Fourier transforms can also be used. However, the same 
difficulties will appear in connection with obtaining the inverse transforms. An ex- 
ample is next shown in which the method employed in arriving at equation (10) is 
used to determine the loading function /(t), given the system and the response 
functions. 
Example I. In this example, the problem is the one-dimensional diffusion equation, 
020 1 O0 
Ox 2 a Ot" (11) 
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The particular application may be heat diffusion (Carslaw and Jaeger, 1959) where 
0 is the temperature and a is the thermal diffusivity, or it may be consolidation i
soil mechanics (Scott, 1963), in which case 0 is the excess pore water pressure, and 
a is the coefficient of consolidation. The latter ease will be examined. 
Equation (11) can be nondimensionalized to 
020 O0 
Ox 2 Ot ' 
(11a) 
where 0, x and t are now the dimensionless pressure, dimensionless distance and 
dimensionless time respectively. 
The problem selected is one in which the surface of a semi-infinite medium is 
subjected to a ramp loading in which the pressure increases linearly with time up 
to a certain time and then is held constant. The average consolidation or the settle- 
ment of the surface of the medium, U(t), is measured as a function of time. The 
deeonvolution method will be applied to the situation where the response f(t) 
( = U(t)) and the system function w(t) are known and l(t) is treated as the unknown. 
Since the input function is known, it can be used for comparison with the input 
function calculated by the deeonvolution process. 
The average consolidation of the medium under a unit impulse load is given by 
w(t )  = 2 ~ exp -~(2~+1)2t/4, (12) 
f t=O 
which is the system function for this problem. The Laplace transform of w(t) is 
w(8) = 2 
~ 0  
2 • 
~r (2n -~- 1) 2 s+~-  
so that 
M(~) - 1 1 
sW(s)  2 s 2 
~r (2n + 1) 2 n=° s +_ _
2s 2s 2s 
2 + - - +  1r 97r 2 25~ -2 
s+~-  s+-~-  s+-~ 
, . . .  
(1,3) 
The inverse transform of M(s) is difficult to obtain if the infinite series is used. 
However, by retaining only the first few terms in this series, a good approximation 
is obtained, as will be demonstrated. 
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If only the first term is used, i.e., 
M(s)  = M( ' (~)  - ~ + ~/4  
2s 
1 "W 2 
- -  2+8s ,  
the inverse Laplace transform is found to be 
1 ~(t) + ~~ mc'(t) = ~ ~-, 
where ~(t) is the Dirac or delta function. 
5 
(:4) 
4: 
m i ( t l  
1 . 2 3 ~  
i . I t  L-- 
1.08 
I m 3 
0 0.5 1.0 1.5 
t 
FIG. 1, Inverse transforms of the successive approximations of re(t). 
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If the first two terms in the series are retained, i.e., 
1 1 9~ -2 7re 
M(s) =M(2~(s)= 2sTr2+--2s 9 2 =4-} -8 -~s+ (5  s+~) '  
s+-  4- s+-~-  
[.5 
1.0 
& 
0.5 
U t 
I I I 
0 0.5 1.0 1.5 2.0 
t 
FIG. 2. System output for the consolidation problem, U(t) and Lr'(t). 
then 
2 
1 6(t) -4- 97r2 ~r -5~/4 m(~)(t) = ~ ~-  + ~ e (15) 
If n terms are included i~l the series, then it will be seen that m~(t) will consist 
of the following terms: 
(1) (a/2n)~(t), 
(2) a constant erm which approaches unity as n --+ ~, and 
(3) a series of exponential terms of the form e -'~t, where ~i becomes much larger 
than unity as n --+ ~. 
It is possible to plot these functions m (i) (t), except hat due to the delta function, 
the values of these at t -- 0 are indeterminate. Figure 1 shows the first three ap- 
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proximations to m(t) which is the exact inversion of M(s) in equation (13). It  can 
be seen that the second and the third approximations are already very close to each 
other. 
The average consolidation C'(t) due to a ramp loading is obtained by Sehiffman) 
(1958) and shown in Figure 2. This is the response, f(t), to be used in equation (10) 
and which will be assumed to have been measured. In Figure 2 is also shown ~7" (t), 
which is f' (t). 
The load, l(t), is obtained by means of equation (10). A convolution is involved 
in the calculation and the following approximation is used for evaluating the convo- 
lution integral. If the convolution integral is as shown in equation (1), then it can 
£ 
0.5 
1.0 
x 
I I I 
× x x ~L x x x ~L 
x , ~. .e  X 
'~ -I- 
+ 
-I- 
+ + Z 2 
x Z 5 
I i I 
0.5 1.0 1.5 
t 
Fro. 3. Calculated sys tem input for the consolidation prob lem by  the transform 
technique, l (° (t). 
2.0 
be evaluated numerically as 
(16) 
where 4 = average value of l(t) between t = (3" - 1)At and jar, and wj = average 
value of w(t) between t = (j - 1)A~ andfiXa By using the successive approximations 
m(~)(t) for m(0 in equation (10), the loading functions l(;)(t) are shown in Figure 3, 
where the actual correct ramp loading, l(t), is also shown. Here, At is equal to 0.1. 
It can be seen that a very good approximation of l(t) is obtained by using m(a)(t), 
bearing in mind that only three terms were retained in the infinite series in equation 
(13). If more terms in the series have been used, it is possible to achieve an even 
better reproduction of the loading function. Note also that a convergent approxi- 
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marion is obtained by using more and more terms in the series. However, in another 
problem, this may not be true. 
The method escribed and used in this example involves evaluating inverse trans- 
forms of arbitraw functions, which sometimes may be difficult. Although approxi- 
mate inversion techniques have been developed in connection with viscoelastic 
stress analysis (Ter Haar, 1951; Sehapery, 1962), they are too crude for use in con- 
nection with the deeonvolution scheme. Since in most engineering problems very 
few of the functions in equation (1) can be expressed analytically, this deconvolu- 
tion method must be applied in a numerical manner. 
The numerical inversion of the Laplace transform has been studied (Bellman 
et al, 1966), but the techniques used are complicated, involving quadrature with 
orthogonal polynonfials. In the following section, a direct numerical technique is 
developed for the deeonvolution, which has the additional advantage of providing 
a better physical understanding of the nature of the process. 
The Deconvolution by Matrix Methods 
If equation (16) is written in full, a set of n linear algebraic equations is obtained 
f, 
At 
At 
£ 
At 
- l~ w2q- 12 wl (b) 
- l lwa+ 12w2+ law1 (c )  
fn __ In *01 JI- ln--1 W2 -~ " ' "  JI- 12 Wn--] -JF ll *~)n 
At 
(~7) 
If l(t) is the unknown, (17) can be treated as n equations containing n unknowns, 
li(i = 1, --, n). In matrix notation, (17) can be written as 
in which 
[W]= 
{/} = 
1 
[W] {Z} = ~ {f} 
Iw ,  0 0 0 . . . . . . . . . . . .  ] 
W2 'U)I 0 0 . . . . . . . . . . . .  . 
'wa ~t~2 zv~ 0 . . . . . . . . . . . .  [ 
J I Wn--1 ~Un--2 . . . . . .  W2 Wl 0 [_ Wn Wn--1 . . . . . .  "W3 7.62 ~t)l 
(is) 
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and 
!Ii} {/} = , 
The matrix [W] has all its elements on the main diagonal equal to w~, all its 
elements on successive diagonals below the main diagonal equal to w2, Wa, • • • • w,,, 
and zeros above the main diagonal. Since [W] -1 exists and equation (18) can there. 
fore be solved for {1}, 
1 [Wj-Z{ f}.  1 {Z} = Xi = Xi [W]{f}" (19) 
It can be shown that [g~] has exactly the same form as [W], i.e., 
[I~] = 
~1 0 0 0 . . . . . . . . . . . . .  -I 
/ ~2 ~1 0 0 . . . . . . . . . . . . .  
~n-1 ~,~-2 . . . . . .  @2 @* 0 
~l)n Wn--1 . . . . . .  W3 'U)2 ~U)I 
and that ~i is related to wl as follows 
1 
~-  I 
i--1 
uOi = -- ~ w j+l @i-3, i > 1. 
j= l  Wl j 
(20) 
Hence, if [W] is known, [tf'] can be easily calculated from equation (20) and then 
used in equation (19) to obtain {/} required to produce an observed {f}. Since [W] 
and [l~] have the same form, then, by comparing equations (18) and (19), it is seen 
that the matrix multiplication i equation (19) represents just the numerical calcu- 
lation of a convolution integral. Equation (19) is therefore quivalent to the convo- 
lution integral 
t 
z(t) = fo ~(t  - , ) f (~)  &, (21) 
which is the solution of the original integral equation, equation (2). Since [W] is 
the inverse of [W] and by its use the convolution integral can be solved, it is called 
the deeonvolution matrix. Two examples are given to demonstrate he use of the 
deeonvolution matrix. 
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0.3 -  I 
0.2 
:i 
-O.I f ~  0.2 
.. I I _ 
"0"30 0.5 1.0 1.5 
f 
I ) 
MATRIX 
METHOD) 
1.0 -  
1 
0.5 
- I _ • 
0 0.5 1.0 1.5 
t 
l~m. (b) 
FIG. 4(a). Deconvolutio~ function for the consolidation problem, @(t). (b). Calculated 
system input for the consolidation problem by the matrix technique, l (t).  
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Example 2. The same consolidation problem as used in Example 1 ~ill be solved 
by this matrix method. For w(t) as given in equation (11), the functio~t ¢ (t) corre- 
sponding to the deeonvolution matrix [l~] is obtained for At = 0.05 as shown in 
Figure 4a. Using this [l~] in equation (19), the loading function l(t) is obtained as 
shown in Figure 4b. Again, a good reproduction of the ramp loading is obtained. 
Example 3. The next example concerns the scanning of a picture by a television 
vidieon camera. The scanlfing beam has a finite width and the camera therefore 
picks up signMs from points adjaeent o the one which is being scanned. This pro- 
duces a reduced resolution in the picture, as shown in the pictures of the moon 
transmitted by Ranger and the Surveyor spacecraft. 
A method has been used by Nathan (1966) to improve the pictures by allocating 
for the camera scanning function. Suppose a one-dimensional scene in x with 
brightwess A(x), Figure 5, an example given by Nathan (1966), is to be scanned 
4 
0 
-4  
-8  
-12 
-16 
-20  
-24 I f t I I I I I 
0 2 4 6 8 l0 12 14 I~ 
× 
FIG. 5. Actual brightness, A (x), and transmitted brightness B(x) in Nathan's problem. 
by a beam with a response function S(x), where S is as shown in Figure 6a. The 
transmitted brightness B(x) is a convolution of A and S. 
2 B~ = B(x~:) = ~j=-2A,+jS j ,  i = 1 , - . .  15, (22) 
where Ai = A(xi), and S~ = S(z~). When written in full, this gives a set of linear 
algebraic equations imilar to those in equation (17). From equation (22), B(x) is 
obtained as shown in Figure 5. In this problem, A is the input, S the transfer or 
system response function and B the output. Given B and S, it is possible, by means 
of the deconvolution techniques developed above, to obtain A. Although the under- 
lying theoretical principles were not discussed in his work, Nathan (1966) employed 
a Fourier transform technique similar to the one described above, but since the 
data on both B and S are digital in nature, it is doubtful whether the transform 
method should have been used. In Nathan's work a lower e~lhancemeItt limit has 
to be imposed because the reeiprocM of the transform has to be taken (similar to 
equation (6a)). This limit reduces the accuracy of his method and, as a result, only 
an approximate reproduction R of A is obtained as shown in Figure 7. 
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I t  is possible to use the deconvolution matrix method in problems like this where 
the data are digitized. With the transfer function S shown in Figure (6)a, its inverse 
can be obtained by means of equation (20) and this is shown in Figure (6)b. The 
original picture can now be obtained by eonvolving S with B, and it is found to be 
exactly the same as A shown in Figure 5. 
S(x) 
I 
-2  -I 0 I 2 
(a) 
60-  
40 - g(x) 
20 
I 
x 
o  vvV -20 
-30 
-60 (b) 
FI~. 6. System (Camera) function S(x) and the deeonvolution function S (x) for 
Nathan's problem. 
In calculating the deeonvolution matrix [l~] by means of equation (20), the num- 
ber wl occurs repeatedly in the denominator f the ~ terms. For instance, ~ 1 = 
1/w l ,  ~ ~, = - -w~/wl  and so on. If the order n of the problem is large, it is expected 
that, if w~ is small, the numbers ~ become large as i increases and oscillate at the 
same time, as shown in Figure 6b. However, if wl is large compared with other values 
of w~., then @~: will not be divergent as i increases. This is the ease in the consolida- 
tion problem in Example 1. Even in such eases, if the order of the problem is large, 
the deeonvolution matrix will not be accurate due to round-off errors. The ealeula- 
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tion of this matrix is actually equivalent to the inversion of the original convolution 
matrix [W] but because of the peculiar property of [W], the inversion can be ac- 
complished much more readily than that of ordinary matrices. However, the prob- 
lems encountered in ordinary matrix inversion are expected to exist in this case also. 
Therefore, the deeonvolution matrix method may not be an efficient way of handling 
large problems. 
One such large problem eoncenls the response of a mass-spring-damping system 
subiected to a random excitation. The behavior of the system can be described by 
the linear differential equation (Greenwood, 1965) 
m2~ + c2 + kx = l(t), 
0 
-4 
-8 
-12 
-16 
-20 
-24 
0 
A 
V 
R(x) 
I I I I I I I I 
2 4 6 8 10 12 14 16 
× 
FiG. 7. Nathan's "enhanced" brightness, R(x), compared to the actual brightness, A (x). 
or  
Kt) 
2 q- 2~w.2 q- to ,  - (23) 
If l(t) and x(t) are considered as the input and the output respectively, of this 
linear system, then the transfer function w(t) is given by the solution of equation 
(23) when l(t) is replaced by 5(t). Depending on the value of the damping ~, w(t) is 
given by the following expressions. 
For ~" = 1.0 (critically damped) 
~,(t) = t e_~,~. (24)  
~n 
For f < 1.0 (underdamped), 
Ojn C- -  '~ a~ n t 
~(t )  - sin ~v/1  - ~~t. (2.5) 
kV ' l  - ~~ 
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Equation (23) has wide applications. For example, it is the governing equation 
for most seismic recording instruments. It is, therefore, possible to use the deconvo- 
lution method to reproduce the ground motion I from the seismograph record x and 
the system function w. 
Another example where equation (24) is applicable is the vibration of structures 
when subjected to shaking by earthquakes ormachines. Between two points of the 
structure where the vibration can be measured, there is a transfer function which is 
characteristic of the structure, provided that there is no input to the structure 
between these points. In this ease, there is some interest as to how this transfer 
function varies between different points in the structure, and it is also interesting 
to study the behavior of the structure when subjected to different earthquakes. 
In order for the deconvolution methods developed here to work satisfactorily in 
practical situations, for example, deeonvolving an earthquake r cord, it is necessary 
that the initial portions of the ground motion to be recorded also. In most earth- 
quake recording instruments, the recording mechanism is triggered only by a certain 
threshold motion. Such records without the initial portions are useless as far as de- 
convolution is concerned, since, as shown above, deeonvolution has to begin at the 
onset of the excitation. Another problem arises, for example, in the ease where the 
transfer function is required between two locations in a structure subjected to 
earthquake motion; records taken by instruments situated at different locations are 
seldom correlated with respect o time and it is important hat the relative time 
scale in both records (the input and the output) be known for the deeonvolution. 
In an investigation of these points, some calculations have been carried out for 
the linear mass-spring-damping system as described by equation 23, using as the 
input the artificial earthquake generated by Housner and Jennings (1964). The in- 
put was first eonvolved with the known system function to provide the output of the 
system. Next, the known input and the calculated output were deeonvolved by the 
matrix method in an attempt o calculate the known system function. If the zeros 
on the time scales of each reeord were aligned exactly, it was found that the system 
function could be recovered almost exactly up to reasonably large times. However, 
by introdueing a slight shift in the relative time scales of these records, the calcu- 
lated system function began to deviate from the known function after a short time 
and diverged rapidly. This is caused in part by the small value of the first digitized 
reading in both the input and output, since, as pointed out earlier, this number ap- 
pears in the denominator repeatedly. On the other hand, in example 2 on consolida- 
tion, the first number in the system funetion is not small and there the deeonvolu- 
tion method worked very well. 
It appears that the deeonvolution methods are of value in calculations for linear 
systems. However, where the size of the problem is large, refinement in the numeri- 
cal technique is necessary to aehieve the required accuracy. 
It appears that the use of deconvolution may reduce the need for designing and 
utilizing a measuring instrument with an optimum system function for the process 
being measured. Alternatively, the output of an instrument responding to an input 
for whieh it is not designed may be used with these techniques to give better infor- 
mation on the real input. 
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